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Abstract
Let D be an integer matrix. A toric set, namely the points in Kn parametrized by the columns
of D, and a toric variety are associated to D. The toric set is a subset of the toric variety. We
describe the relation between the toric set and the toric variety, in terms of the orbits of the
torus action on the toric variety. The toric set depends on the sign (+;−; 0) pattern of the matrix
D. Finally, we prove that any toric variety over an algebraically closed 5eld can be expressed
as a toric set, for an appropriate matrix.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let D=(bi; j) be an m×n matrix with integer entries bi; j, such that every column has
atleast one non-zero entry. Let K be a 5eld and let {b1; : : : ; bn} be the set of vectors
in Zm, where bi =(b1; i ; : : : ; bm; i) for 06 i6 n. The toric ideal ID associated with D is
the kernel of the K-algebra homomorphism
 :K[x1; : : : ; xn]→ K[t1; : : : ; tm; t−11 ; : : : ; t−1m ]
given by
(xi) = tbi := t
b1; i
1 : : : t
bm; i
m for all i = 1; : : : ; n:
A diAerence of two monomials is called a binomial. We can write every vector u in
Zn uniquely as u = u+ − u−, where u+ and u− are non-negative and have disjoint
support.
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Lemma 1 (Sturmfels [8]). The toric ideal ID is generated by the binomials xu+−xu− ,
where u runs over all integer vectors in the nullspace of D.
The toric variety XD associated with D is the set V (ID) ⊂ Kn of zeroes of ID
in the sense of [8], which also includes non-normal varieties. The toric set (D)
determined by D is the subset of the aGne space Kn de5ned parametrically by xi =
tb1; i1 : : : t
bm; i
m for all i, i.e. it is the set of points that can be expressed in the form
(tb1; 11 : : : t
bm; 1
m ; : : : ; t
b1; i
1 : : : t
bm; i
m ; : : : ; t
b1; n
1 : : : t
bm; n
m ) for some ti in K . Note that a toric set is a
subset of the toric variety XD, see Example 1 below.
An interesting problem is to describe the relation between a toric set and a toric
variety. The problem was 5rst considered in [5] where linear algebra has been used to
obtain conditions for the equality V (ID)=(D), when D is a matrix with non-negative
integer entries. They prove that V (ID)=(D) if and only if the following two conditions
are satis5ed:
(a) If (ai)∈V (ID) and ai = 0 for all i, then aq1j1 : : : aqnjn has a j-root in K for
j = 1; : : : ; s.
(b) V (ID; xi) ⊂ (D) for i = 1; : : : ; n;
where U = (uij) and Q = (qij) are unimodular integral matrices of orders m and
n, respectively, such that UDQ = diag(1; : : : ; s; 0; 0; : : : ; 0); s is the rank of D and
1; : : : ; s are the invariant factors of D. In the present paper, the 5eld K is always
algebraically closed, therefore the condition (a) always holds and hence we have [5,
Corollary 2.5]:
V (ID) = (D)⇔ V (ID; xi) ⊂ (D) for i = 1; : : : ; n:
In this article we take a diAerent perspective. We work over an algebraically closed
5eld since in this case we have a nice decomposition of the toric variety in toric
orbits, each orbit corresponds to a face of the cone  = pos(D), see Section 2. The
purpose of this article is to present the relation between a toric set and a toric variety
in terms of toric orbits. We prove that a toric set (D) is a union of toric orbits. The
corresponding faces form a meet-subsemilattice of the face lattice of . Conversely
for each meet-subsemilattice of the face lattice of  there exists a matrix D such that
(D) is the union of the corresponding orbits. In particular, we obtain the main result
of this article: for every toric variety there exists an appropriate matrix D, such that
the toric set (D) is the whole toric variety.
Example 1. Let X in K6 be the toric variety of dimension 3 associated with the matrix
D1 =


2 1 0 0 1 2
1 2 2 1 0 0
0 0 1 2 2 1

 :
Then the toric set (D1) is the set of all points in the form
(t21 t2; t1t
2
2 ; t
2
2 t3; t2t
2
3 ; t1t
2
3 ; t
2
1 t3):
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There are points of the toric variety X, for example the points (0; u; v; 0; 0; 0) for all
u; v∈K , which are not points of the toric set (D1). Actually, the same toric variety
can be expressed with diAerent matrices which may have diAerent toric sets. The
matrix
D2 =


1 −1 −2 −1 1 2
1 2 1 −1 −2 −1
2 1 −1 −2 −1 1


de5nes the same toric variety X and there are points in (D1), for example (1; 1; 0; 0;
0; 0), which are not in (D2).
2. Toric sets and orbits
Let K be an algebraically closed 5eld and K∗ = K − {0}. We associate to the toric
variety XD = V (ID) ⊂ Kn a rational convex polyhedral cone = pos(D) consisting of
all non-negative linear combinations of the column vectors in D. The dimension of 
is equal to the rank(D) and also is equal to the dimension of XD, see [8]. A face F
of  is any set of the form
F =  ∩ {x∈Rm : cx = 0};
where c∈Rm and cx¿ 0 for all x∈ . Given a face F of , we denote by PF the
point ("F1 ; "
F
2 ; : : : ; "
F
n )∈Kn, where "Fi = 1 if bi ∈F and "Fi = 0 if bi ∈ F .
The m-dimensional algebraic torus (K∗)m acts on the aGne n-space Kn via
(x1; : : : ; xn)→ (x1tb1 ; : : : ; xntbn):
The aGne toric variety XD is the Zariski closure of the (K∗)m-orbit of the point
P=(1; 1; : : : ; 1). The (K∗)m-orbits on the aGne toric variety XD are in order-preserving
bijection with the faces of , see [1,3,4]. Note that our cone  = pos(D) is the
dual of the cone that is used to de5ne the toric variety in the above ref-
erences.
The orbit corresponding to the face F is the orbit of the point PF and we denote
it by O(PF). Faces of dimension one are called extreme rays and faces of dimension
rank(D)−1 are called facets. If the extreme rays of the cone are linearly independent,
then the toric variety is called simplicial.
Let us recall some terminology and facts about posets, for more informations see
[7]. A poset is a 5nite partially ordered set. A chain is a totally ordered subset of a
poset, its length is equal to the number of its elements minus 1. A poset is bounded
if it has a unique minimal element, denoted by 0ˆ, and a unique maximal element,
denoted by 1ˆ. A poset L is called a lattice if it is bounded, and every two elements
x; y∈L have a unique minimal upper bound in L, called the join x ∨ y, and a unique
maximal lower bound in L, called the meet x ∧ y. A subset S of a lattice L is called
a meet-subsemilattice if (i) 1ˆ∈ S and (ii) for every 5nite subset {x1; : : : ; xs} of S
the x1 ∧ · · · ∧ xs belongs in S. If S is a meet-subsemilattice of L and x∈ S satis5es:
u ∧ v = x, for u; v∈ S implies x = u or x = v then x is a meet-irreducible element of
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S. Every element in S can be represented as the meet of the meet-irreducible elements
above it. We say that a subset {x1; : : : ; xs} of a meet-subsemillattice S generates S
if every element in S, except possibly 1ˆ, is the meet of {x1; : : : ; xs}. A generating
set {x1; : : : ; xs} includes all meet-irreducible elements of S. The face lattice of the
convex cone  is the poset L() of all faces of , partially ordered by inclusion.
The face lattice is coatomic, i.e. every element is a meet of coatoms, which here are the
facets.
We associate to every row ri = (bi;1; : : : ; bi;n) of the matrix D a face Fri of  in the
following way:
(i) if ri has atleast one negative entry we de5ne Fri = ,
(ii) if every entry of ri is non-negative we de5ne Fri to be the face of  de5ned by
ci = (0; 0; : : : ; 1; : : : ; 0), where the 1 is in the i-position.
This is a face since cibj = bi; j¿ 0. The orbit corresponding to the face Fri is the orbit
of the point PFri with coordinates fi;j = 0 if bi; j = 0 and fi;j = 1 if bi; j = 0, since if
bi; j = 0 then bi ∈ Fri and if bi; j = 0 then bi ∈Fri .
Theorem 1. For every toric variety XD the toric set (D) is a union of toric orbits,
(D) =
⋃
F∈'D
O(PF);
where 'D is the meet-subsemilattice of the face lattice of the cone  of XD, generated
by Fri ; 16 i6m.
Proof. To prove (D)=
⋃
F∈'D O(PF), since every point belongs to an orbit, it suGces
to prove that if x∈(D) and x∈O(PF), for some face F of , then the whole orbit
of x; O(PF), is a subset of (D). Since x∈(D), we have that x = (x1; : : : ; xn) =
(ub1 ; : : : ; ubn), for some u∈Km. Let y∈O(PF), then since x and y belong to the same
orbit, we have that there exist t∈ (K∗)m such that y = (x1tb1 ; : : : ; xntbn), but then
y = ((ut)b1 ; : : : ; (ut)bn), which means that y∈(D). Thus (D) is a union of toric
orbits.
Let 'D ⊂ L() be such that (D) =
⋃
F∈'D O(PF). Setting all ti = 1 we see that
(1; : : : ; 1)∈(D), so ∈'D. Now let F1; F2 ∈'D, then PF1 ∈(D) and PF2 ∈(D).
Hence there exist t1 ∈Km and t2 ∈Km such that PF1=(tb11 ; : : : ; tbn1 ) and PF2=(tb12 ; : : : ; tbn2 ),
then PF1∧F2 =((t1t2)
b1 ; : : : ; (t1t2)bn)∈(D). Note that "iF1∧F2 ="iF1"iF2 . Consequently 'D
is a meet-subsemilattice of L().
Setting ti = 0 and tj = 1 for j = i, we get that PFri ∈(D), therefore Fri ∈'D.
We shall prove that every face in 'D, except perhaps , is of the form Frj1∧Frj2∧· · ·∧
Frjs , for some 16 j1; : : : ; js6m. Let F be an element of 'D, then PF ∈(D), so there
exist t= (t1; : : : ; tm)∈Km such that PF = (tb1 ; : : : ; tbn). If all of the ti are diAerent than
zero then F = . Suppose that the only zeroes among t1; : : : ; tm are the tj1 ; : : : ; tjs , then
we claim that F=Frj1 ∧Frj2 ∧· · ·∧Frjs or equivalently PF =PFrj1∧Frj2∧···∧Frjs . Note that
"iFrj1∧Frj2∧···∧Frjs
="iFrj1
: : : "iFrjs
. Thus we have to prove that "iF ="
i
Frj1
: : : "iFrjs
. Note that
"iF is either zero or one. Suppose that "
i
F = 0, then there exists a jk ∈{j1; : : : ; js} such
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that bjk ;i is positive. But then "
i
Frjk
=0. Suppose that "iF=1, then for all jk ∈{j1; : : : ; js}
we have that bjk ;i = 0, hence "
i
Frjk
= 1 for all jk ∈{j1; : : : ; js}. Thus the claim is true
and therefore 'D is generated by Fri ; 16 i6m.
Remark 1. We conclude from Theorem 1 that the rows, actually the sign (+;−; 0)
pattern of the rows, determines completely the toric set. The number of elements in
'D is less than or equal to 2m, since 'D is a meet-subsemilattice with atmost m
meet-irreducible elements corresponding to the m rows.
Example 2. Let X in K6 be the toric variety of the Example 1 associated with the
matrix D1. Then there are 14 toric orbits in X and the toric set (D1) is the union of the
5ve orbits O((1; 1; 1; 1; 1; 1)); O((1; 1; 0; 0; 0; 0)); O((0; 0; 1; 1; 0; 0)); O((0; 0; 0; 0; 1; 1))
and O((0; 0; 0; 0; 0; 0)). The toric set (D2) consists only from the orbit O((1; 1; 1;
1; 1; 1)).
Theorem 2. Let XD be a toric variety,  the cone of XD and ' be any meet-
subsemilattice of the face lattice of . Then there exists a matrix M such that
(M) =
⋃
F∈'
O(PF):
Proof. We replace every row ri ∈D that has no negative entries with −ri. In this way
we get a matrix D− such that every row has a negative entry. Then from, Theorem 1,
we have 'D− = {}, since Fri =  for all i. The reason for this step is to make sure
that there will be no orbits corresponding to faces of 'D which are not in '. Note that
nullspace(D)=nullspace(D−), so they de5ne the same toric variety and the two cones
pos(D); pos(D−) are aGne equivalent, i.e. there is an aGne transformation mapping
the 5rst cone to the second bijectively.
' is a meet-subsemilattice of the face lattice of , which is 5nite and therefore
' is 5nitely generated as a meet-subsemilattice by its meet-irreducible elements, i.e.
'= (F1; : : : ; Fs). The last statement assures that each face in ', except , is the meet
of a number of the elements F1; : : : ; Fs.
From the matrix D− we create a new (m + s) × n matrix M , by adding s rows
corresponding to the faces F1; : : : ; Fs. So let Fi be one of the generators of ', then the
face Fi is de5ned by a ci ∈Qm such that cix¿ 0 for all points x∈  and cix = 0 for
exactly the points in the face Fi. Note that faces of rational convex polyhedral cones
are rational. We de5ne a new row rFi =(dcib1; dcib2; : : : ; dcibn), where d is a common
denominator of cib1; cib2; : : : ; cibn. We have, from the de5nition of FrFi , that FrFi = Fi.
Note also that the row rFi is a linear combination of the rows of the initial matrix,
hence the nullspace of the new matrix is the same with the initial matrix, and therefore
the toric variety is the same and the two cones are aGne equivalent.
Example 3. Let X in K6 be the toric variety of codimension 3 associated with the ma-
trix D1 of the Example 1. And let ' be the meet-subsemilattice generated by the faces
corresponding to the points (1; 1; 0; 0; 0; 0); (0; 1; 1; 0; 0; 0) and (0; 0; 0; 0; 1; 0). Applying
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the procedure described in Theorem 2 we get the matrix
D3 =


−2 −1 0 0 −1 −2
−1 −2 −2 −1 0 0
0 0 −1 −2 −2 −1
0 0 1 2 2 1
1 0 0 1 2 2
3 4 3 1 0 1


for which we have that 'D3 = '.
The next theorem, which may be considered as the main result of the article, asserts
that: a toric variety can always be expressed as a toric set over an algebraically
closed 8eld, for an appropriate matrix M . Actually it is a corollary to Theorem 2.
Theorem 3. For every toric variety XD there exists a matrix M such that the toric
set (M) coincides with XD.
Proof. The whole face lattice L() is a meet-subsemilattice generated by the facets,
since every proper face of  is the meet of the facets containing it. Consequently, we
apply Theorem 2 to L() and add several new rows, one for each facet, to get M . In
this case we do not need to follow the 5rst step in the proof of Theorem 2, since we
want the toric set (M) to be the whole toric variety.
Example 4. Let X in K6 be the toric variety of dimension 3 associated with the matrix
D1. Then the toric set (D1) includes only the three facets corresponding to the points
(0; 0; 1; 1; 0; 0); (0; 0; 0; 0; 1; 1); (1; 1; 0; 0; 0; 0), therefore we have to add three more rows
to get also the other three facets corresponding to the points (0; 0; 0; 1; 1; 0); (1; 0; 0; 0;
0; 1); (0; 1; 1; 0; 0; 0) and the vectors ( 23 ;
2
3 ;− 13 ); (− 13 ; 23 ; 23 ); ( 23 ;− 13 ; 23 ), respectively. So
we get the matrix
D4 =


2 1 0 0 1 2
1 2 2 1 0 0
0 0 1 2 2 1
2 2 1 0 0 1
0 1 2 2 1 0
1 0 0 1 2 2


for which we have that the toric set (D4) coincides with X.
The following algorithm computes a matrix M such that (M) = XD.
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Algorithm 1.
Input : An m× n integer matrix D with columns bi.
Output : A matrix M such that (M) = XD.
0. Set M = D.
1. Compute the rank r of D.
2. For each linearly independent set {bi|i∈E}, where E ⊂ {1; : : : ; n} has r − 1
elements:
2.1. Solve the diophantine system of linear inequalities (see [6]):
xbi = 0 for every i∈E;
xbi¿ 0 for every i ∈ E:
2.2. If there is an integer solution x = 0 add the new row, (xb1; xb2; : : : ; xbn), to M .
Remark 2. The algorithm terminates in atmost ( nr−1 ) steps. For some matrices D we
can avoid having to inspect all ( nr−1 ) sets E. Let E1 be a set of r − 1 elements such
that T1 := {bi|i∈E1} is linearly independent. Set S(E1)= {i|bi is a linear combination
of T1} and note that E1 ⊂ S(E1). Then we may ignore all subsets E of S(E1) with
r − 1 elements, since, if the corresponding sets of vectors are linear independent, they
give the already computed facet corresponding to E1.
A convex polyhedral cone  is called strongly convex if  ∩ (−) = {0}.
Corollary 1. Let D be an m× n matrix with rank m (m6 n) and such that the cone
 = pos(D) is strongly convex, then XD = (D) implies XD is simplicial.
Proof. The convex cone  is m-dimensional and strongly convex, therefore there exists
an aGne hyperplane H such that H ∩ is a convex polytope of dimension m− 1. The
number of faces of the polytope is greater than or equal to 2m. Equality holds if it has
exactly m vertices, see [2]. Thus the number of faces of  is greater than or equal to
2m, with equality if it has exactly m extreme rays.
The condition XD = (D) implies that 'D = L(), which together with the Remark
1 gives that the number of faces of  is less than or equal to 2m. Hence the number
of faces of  is exactly 2m, which means that  has exactly m extreme rays. But  is
m-dimensional and therefore XD is simplicial.
Remark 3. We cannot omit from the assumptions of Corollary 1 the fact that  is
strongly convex. For example, the rank of
D =


1 0 0 −1
0 1 0 0
0 0 1 0


is equal to 3 and XD = (D), since (D) is the union of all the orbits O((1; 1; 1; 1));
O((1; 0; 1; 1)); O((1; 1; 0; 1)), and O((1; 0; 0; 1)). But XD is not simplicial.
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Remark 4. The converse of the above corollary does not hold in general. We consider
the simplicial toric variety de5ned by
V2 =
(
2 1 0
0 1 2
)
in K3, namely the Veronese surface. The same toric variety can be de5ned also by the
2× 3 matrix
D =
(
1 1 1
2 3 4
)
;
which is of rank 2. The points (u; 0; 0); u∈K , are in the Veronese surface but not
in the toric set (D). Thus the toric set (D) does not coincide with the Veronese
surface.
In [5,9] it has been proved that Veronese toric sets are toric varieties. The following
Corollary generalizes this result.
Corollary 2. Let D be an m× n matrix of rank s, such that the toric variety XD is
simplicial and the matrix has the form

d1 0 : : : 0 a1;1 : : : a1; r
0 d2 : : : 0 a2;1 : : : a2; r
0 0 : : : ds as;1 : : : as; r
bs+1;1 bs+1;2 : : : bs+1; s bs+1; s+1 : : : bs+1; s+r
bs+t;1 bs+t;2 : : : bs+t; s bs+t; s+1 : : : bs+t; s+r


for some positive integers d1; : : : ; ds, non-negative integers ai; j and integers bi; j, then
XD = (D).
Proof. Since XD is simplicial of dimension s, it has exactly s facets, the Fr1 ; : : : ; Frs ,
therefore from Theorem 1 and the fact that the face lattice is coatomic we have that
'D includes all faces. Hence XD = (D).
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